Gadolinium doped ceria (GDC) is a promising alternative electrolyte material for solid oxide fuel cells that offers the possibility of operation in the intermediate temperature range (773 K to 1073 K). To determine the optimal dopant concentration in GDC, we have employed a systematic approach of applying a 3-D Kinetic Lattice Monte Carlo (KLMC) model of vacancy diffusion in conjunction with previously calculated activation energies for vacancy migration in GDC as inputs. KLMC simulations were performed including the vacancy repelling effects in GDC. Increasing the dopant concentration increases the vacancy concentration, which increases the ionic conductivity. However, at higher concentrations, vacancy-vacancy repulsion impedes vacancy diffusion, and together with vacancy trapping by dopants decreases the ionic conductivity. The maximum ionic conductivity is predicted to occur at ≈ 20 % to 25 % mole fraction of Gd dopant. Placing Gd dopants in pairs, instead of randomly, was found to decrease the conductivity by ≈ 50 %. Overall, the trends in ionic conductivity results obtained using the KLMC model developed in this work are in reasonable agreement with the available experimental data. This KLMC model can be applied to a variety of ceria based electrolyte materials for predicting the optimum dopant concentration.
Introduction
Ceria based oxides are considered one of the most promising materials for intermediate temperature (773 K to 1073 K) fuel cell applications because their high ionic conductivity facilitates the reduction in their operating temperatures, thereby eliminating several technological problems. One of the main objectives in the development of solid oxide fuel cells (SOFC) is to find electrolyte materials that exhibit improved ionic conductivity in the intermediate temperature range compared to the traditionally used yttria stabilized zirconia (YSZ). In the intermediate temperature range, oxygen ion conductivity of doped ceria is observed to be higher than YSZ [1] . Among reported results for ceria doped with different aliovalent dopants, gadolinium doped ceria (GDC) is considered to be one of the most promising solid electrolyte materials for SOFC operation in the intermediate temperature range [2, 3] .
As highlighted in our previous effort, ceria-doped materials have great potential for electrolyte applications in SOFC, primarily due to their high ionic conductivity [4, 5, 6] .
Determination of the optimal dopant concentration that exhibits maximum conductivity is critical for the use of doped ceria as an electrolyte material in SOFC. For GDC, there are often inconsistent and sometimes contradictory experimental reports for the composition that exhibits the maximum conductivity. [12, 13, 14, 15, 16] have been reported as optimum. A few reports also suggest that the best compositions for GDC were temperature dependent, with the optimum dopant concentration shifting towards a higher value with increasing temperature. For example, shifts from 15 % to 21 % mole fraction of the dopant with a temperature increase from 773 K to 1073 K [11] , from 20 % mole fraction to 24 % mole fraction of the dopant with a temperature increase from 973 K to 1073 K [16] , and from 15 % mole fraction of the dopant below 673 K to 20 % above 673 K [14] have been reported. Steele [3] reported that a GDC sample with 10 % mole fraction of Gd exhibited the maximum conductivity, but after summarizing other authors' work, also indicated that at 773 K, the total conductivity peaks at around 25 % mole fraction of the dopant. The scatter in the optimum composition data can be attributed mainly to the divergences in sample preparation, variations in sintering temperature, and variations in the level of reduction in the samples. Moreover, the level of the purity of the ceramic sample also affects the conductivity as impure samples exhibit considerable grain boundary resistivity. SiO 2 , one of the predominant impurities at the grain boundary in ceria based materials, often incorporated from the precursor chemicals or the synthesis vessel during sample preparation [3, 17, 18] , reportedly reduces the conductivity [19] .
Despite of the inconsistencies in the absolute value for the optimum composition for maximum ionic conductivity in the literature, there is an agreement about the overall trend, i.e. the conductivity increases with doping concentration up to a certain value and then drops. Theoretical calculations can help us in understanding the observed trend.
So far the computational studies for predicting the compositional dependence of the oxygen vacancy diffusion constant in GDC are limited to molecular dynamics simulations. Hayashi et al. used molecular dynamics simulations to investigate oxygen diffusion and the microscopic structure of ceria-based solid electrolytes with different dopant radii [20] . Inaba et al. studied oxygen diffusion in Gd-doped ceria using classical molecular dynamics simulations [21] . They reported that the diffusion constant shows a maximum at 10 % mole fraction of Gd and decreases at higher Gd contents. They attributed the formation of Gd -vacancy -Gd clusters and long-range interactions between the oxygen vacancies to be the possible mechanisms for the decrease in the diffusion constant at higher Gd content. These molecular dynamics simulations were carried out at 1273 K, higher than the effective temperature ranges for the operation of SOFC. Hence, knowledge of various compositions of GDC showing peak conductivities at lower temperatures will provide insight in towards selecting the appropriate electrolyte materials for SOFC. Moreover, molecular dynamics simulations are performed over a very short time frame that can lead to insufficient statistical sampling of various configurations.
Since KLMC methods have proven to be useful in the investigation of oxygen diffusion in other oxides, we chose to apply this methodology to GDC [6] . KLMC models reported so far have often suffered from two limitations: i) data on dopant effects on vacancy migration limited to a single binding energy-while our calculations reveal that the dopant-vacancy interactions can be very complex, [4, 5] and ii) a failure to include the effect of repulsion between the oxygen vacancies-which we find to be significant at higher concentrations [6] .
Details of the development of a KLMC model for Pr-doped ceria using activation energies calculated from density functional theory +U (DFT+U) [5] to study timedependent vacancy diffusion can be found in [6] . We have also applied first-principles (DFT+U) methodology to study oxygen vacancy migration in GDC and presented calculations of activation energy for vacancy migration along various diffusion pathways [4] . The results from these calculations are used in this work as inputs to a KLMC model 6 to investigate the effect of dopant concentration and temperature on ionic conductivity. Thus, the model can be used as a design tool to determine the best GDC composition for maximum ionic conductivity.
Computational Methodology
The KLMC model requires input rates for various allowable events, such as diffusion and reactions. If these rates are known then we can accurately simulate timedependent diffusion of various species. KLMC simulations based on a set of kinetic atomic-scale processes can describe the evolution of mesoscopic systems up to macroscopic times. In this way, we have developed a 3-D KLMC model of vacancy diffusion in GDC. This model will further enable us to calculate ionic conductivity of various GDC compositions as a function of temperature. In the current KLMC model, the material under consideration evolves as a series of independent events occur in accordance with the input rates.
The vacancy formation energy in ceria is very high (≈ 3 eV); hence only a small fraction of vacancies are generated thermally. Most of the vacancies in ceria-doped materials are generated to maintain the charge balance due to the addition of aliovalent dopants. For instance, the addition of Gd +3 to CeO 2 results in an oxygen vacancy for every two ionized dopants (since the stoichiometric vacancy to dopant ratio is 0.5). We have argued earlier [4, 5] that the activation energy for vacancy migration is actually a complex average of many jump events. Hence, we have calculated activation energies of various diffusion pathways for oxygen vacancy migration in GDC for a vacancy hopping mechanism [4] . The energies from our previous work [4] , as presented in Table   1 , are used in the KLMC model, where every event occurs independently in accordance with the statistically averaged activation energy corresponding to the local environment.
In this article, the uncertainty in calculated energies using DFT+U is ≈ 0.01 eV. For GDC, the oxygen prefers a first nearest neighbor (1NN) site ( Figure 1 ) [4] , which means that many types of jump events need to be included (1NN  2NN, 2NN  1NN , 2NN  2NN, 2NN  3NN, etc.) to properly model the complexity of the diffusion process.
Details of the current methodology and a flowchart outlining the working of the KLMC model are given in an earlier paper [6] . The formalism for the calculation of vacancy diffusion coefficient followed by the calculation of ionic conductivity is explained in detail elsewhere [6] . For GDC, we used a 10×10×10 cell (consisting of 12,000 sites)
built from a conventional 12-atom cubic unit cell of ceria using the theoretically optimized lattice constant of 0.5494 nm for bulk ceria [4, 5] . Among these 12,000
positions, 4,000 are available for Gd dopant placement, which are assumed to be immobile. The vacancies are formed on the oxygen sublattice consisting of 8,000 sites, and are allowed to hop to adjacent sites, subject to certain constraints, such as a vacancy-vacancy repulsion factor and that the hopping mechanism is governed by an Arrhenius law [6] . The simulation cell was repeated periodically along the three axes to simulate a lattice of effectively infinite extent. The dopant and vacancy concentration were varied in order to maintain a stoichiometric vacancy to dopant ratio of 0.5, and the dopant ions were assumed to be trivalent. For each of the different dopant concentrations, ten simulations were performed, each with a different dopant distribution, with approximately 3,000,000 or more jump events for each configuration.
This resulted in achieving a statistical average with a precision of ≈ 3 % for various dopant concentrations. The sampling did not require additional runs for each configuration as calculated ionic conductivities converged within the order of ≈ 3 % in the simulations. The simulations were performed for temperatures ranging from 673 K to 1073 K and approximately equal diffusion distances were used to calculate the final diffusion coefficients.
In the past, we have developed two separate models, a Vacancy Non-Repelling model (VNR) and a Vacancy Repelling model (VR) [6] . In the VNR model, vacancies are allowed to move anywhere in the simulation cell except into an existing vacancy site. In the VR model, the vacancies are not allowed to move adjacent (1NN, Figure 1 )
to any other vacancies in the simulation cell, nor into an existing vacancy site. These models were developed in order to incorporate the effect of vacancy-vacancy repulsion in ceria related materials. This effect was verified using DFT+U methodology, where we found that the configuration involving two vacancies separated by a distance larger than the 1NN (Figure 1 ) distance is energetically more stable as compared to the configuration with vacancies placed next to each other [6] . We studied two separate ). In this paper we only report results for KLMC-VR, which assumes that vacancies cannot move next to one-another, as explained above. Moreover, previous reports [22, 23, 24, 25, 26, 27] do not include the Coulomb interaction between the anionic species, which we have found to be important for correctly determining the optimal dopant concentration in ceria based electrolyte materials [6] .
Inaba and co-workers [20, 21] have reported, using molecular dynamics simulations, that an atomic arrangement with Gd -Gd pairs in GDC is more stable than the arrangement where isolated Gd atoms are distributed randomly. They reached this conclusion based on the closer agreement between experimental measurements and calculated values for the lattice parameters and the enthalpy of formation. To understand this behavior, we have investigated the effect of Gd -Gd dopant pairs in GDC using the DFT+U methodology [4, 5] . All the calculations were performed for charge-neutral supercells. Similar to the reported results [20, 21] , we found that the 
Results

A. Vacancy mobility
As reported earlier, the formation of an oxygen vacancy is found to be more favorable at the 1NN position to a Gd 3+ ion [4] , as opposed to the 2NN position ( Figure   1 ) that was favored for a Pr 3+ ion [5] . The vacancy migration energies calculated using DFT+U for various diffusion pathways in GDC are given in Table 1 [4] , and correspond to the vacancy motion adjacent to one Gd 3+ ion as shown in figure 1 . In the presence of multiple dopant ions, a common physical scenario encountered in electrolyte materials and the current KLMC model, we use an underlying assumption that every additional
Gd dopant ion in the vicinity of the migrating vacancy will have an additive effect towards the activation energy for vacancy migration. Earlier, we have tested this relationship using first-principles calculations [4, 5] and explained its use in the working of the KLMC model [6] . Andersson et al. also reported a similar decrease in activation energy for the case where two Gd ions are next to each other [28] . Incorporating this assumption in the KLMC model, we have simulated diffusion of oxygen vacancies in the presence of multiple dopants. Under the current assumption, the estimated activation energies for multiple dopants are probably valid to about 10 meV at low to moderate concentrations, but the error may be larger at higher concentrations.
B. Ionic conductivity calculation using KLMC-VR model
The primary goal of the current effort is to study various compositions of GDC within the temperature range 673 K to 1073 K and identify the compositions exhibiting peak conductivities at different temperatures. Researchers have previously studied other systems with similar methodology, but have failed to include the Coulomb interactions between the charged vacancies as mentioned in our previous effort [6] . the maximum in conductivity is shifted to a higher dopant content with a well-defined peak observed at ≈ 25 % mole fraction.
The decrease in ionic conductivity after reaching a maximum can be attributed to increase in binding of vacancies to dopants, and vacancy-vacancy repulsion, resulting in fewer available sites for the vacancy to migration [6] .
C. Ionic conductivity calculation using KLMC-VRDP model
Simulation results presented in figure 2(b) are generated using the KLMC-VRDP model at temperatures 673 K, 873 K and, 1073 K and compared with the results obtained using the KLMC-VR model. As mentioned earlier, the VR model assumes the dopants are randomly distributed as single Gd ions, whereas the VRDP model assumes the dopants are randomly distributed as Gd -Gd pairs. For all the temperatures studied, the conductivity increases as a function of the dopant concentration and exhibits a maximum at ≈ 20 % mole fraction of the dopant, but the conductivity for temperatures of 873 K and 1073 K shows a broad maximum whereas that for 673 K exhibits a sharper peak. In general, the calculated magnitude of ionic conductivity is larger when using the VR model. This is a consequence of the formation of Gdvacancy -Gd clusters in the VRDP model, which effectively trap the vacancies and decrease the net diffusion. The Gd -vacancy -Gd cluster can be thought of as a vacancy having two 1NN Gd dopant ions. The difference in the conductivity calculated using the VR and VRDP models is smaller at lower dopant concentrations and steadily increases until it reaches a maximum at ≈ 30 % mole fraction of dopant content, after which the difference remains roughly constant. This could be due to the fact that above 30 % mole fraction of dopant content, even in the VR model, a significant fraction of dopant ions will form pairs and have an effect similar to that calculated by the VRDP model.
D. Comparison of the predicted optimal GDC composition with experimental data
Experimental reports for the GDC compositions that exhibit maximum conductivity vary from 10 % [3, 7] , to 15 % [8,9,10,11], to 20 % [12,13,14,15,16] mole fraction of dopant. The compositions with maximum conductivity were also found to be temperature dependent [11, 14, 16] . For instance, at 873 K, a few of the experimental measurements [12, 14, 16] reported ≈ 20 % mole fraction of dopant content to be optimal, which is exactly the same content as predicted by the current KLMC-VR model. Figure 3 shows the various trends of increase in ionic conductivity as a function of Gd dopant concentration at 973 K for experimentally measured data. Also included in figure   3 is a plot of ionic conductivity data generated using the KLMC-VR model at 973 K. The KLMC model at this temperature predicts a maximum in ionic conductivity at ≈ 25 % mole fraction of Gd dopant. Most of experimental measurements report maxima at 15 % [8,9,10] and 20 % mole fraction of Gd [11, 12, 13, 14, 15, 16, 19] . Two other measurements [3, 7] predict ≈ 10 % mole fraction of dopant content to be optimal, but the measurements were not performed for intermediate concentrations (i.e 15 % and 25 % mole fraction of dopant content), so there is a possibility of the true maximum being masked. Overall, the majority of the experimental work predicts a range from 15 % to 20 % mole fraction of dopant content in GDC to be optimal for temperatures ranging from 673 K to 973 K. Although the calculated value of optimum composition for maximum conductivity is slightly higher than experimental numbers, the results demonstrate the root causes for the increase and subsequent decrease in conductivity after attaining the maximum.
The above results show that at higher temperatures, the KLMC-VR model predicts a slightly higher optimal dopant concentration for GDC as compared with experiment, but is in reasonable agreement at lower temperatures. The small discrepancy between the experimental and theoretical findings might be attributed to the dependence of oxygen vacancy concentration on the temperature and oxygen partial pressure. Moreover, the experimental samples are polycrystalline, and exhibit significant grain boundary resistance with increasing dopant concentration, which decreases the conductivity as compared to the current KLMC model which does not incorporate grain boundary effects. Also the discrepancy could be due to the approximation involved in estimating the migration energies in the presence of multiple dopants. The difference in the absolute magnitude of conductivity between the calculated and experimental values is approximately an order of magnitude. The reasons leading to this discrepancy require further investigation, which will be addressed in the future work, as the emphasis of the current work is on predicting the optimal compositions of GDC. Nevertheless, the agreement between the calculated and measured values for the compositional trends is reasonable considering that all the input data for the KLMC model was generated exclusively using first-principles calculations (no experimental parameters or fitting parameters involved).
At 973 K the KLMC-VRDP model predicts ≈ 20 % mole fraction of dopant to be optimal (data not shown in the plot), which is in good agreement with most of the experimental measurements [11, 12, 13, 14, 15, 16, 19] . But a direct comparison of the data generated using the KLMC-VRDP model and experimental measurements is not appropriate as no experimental data are available that claim that all the dopants are present in the form of Gd -Gd pairs in GDC. It was reported, using MD simulations [20] carried out at 1273 K, that the oxygen diffusion coefficient of GDC shows a maximum at about 20 % mole fraction of the dopant. These calculations involved the initial placement of Gd -Gd dopant pairs in GDC similar to the KLMC-VRDP model. The result is similar to the one obtained with the current KLMC-VRDP model that predicts ≈ 20 % mole fraction of dopant to be optimal, but at a lower temperature (1073 K). The current simulations for GDC using KLMC-VRDP model were limited to temperatures at and below 1073 K due to its applications as an electrolyte material in SOFC. At 1273 K, we expect a slight shift to higher dopant content as compared to the reported 20 % mole fraction of dopant content [20] . At this point, further experimental information on the arrangement of dopants with respect to their placement in GDC, whether in isolation, pairs or the approximate fraction of dopants that form pairs, at specific concentrations and temperatures is needed. In future, the KLMC model can be modified to incorporate these experimental findings to enable an improved and more suitable comparison.
E. Comparison with PDC
The most favorable position for oxygen vacancy formation depends on the type of dopant ion, i.e. the 1NN position is favorable in GDC [4] and the 2NN position is favorable in PDC [5] . Depending on the preference of vacancy formation, the most favorable vacancy migration pathway in GDC is 1NN  2NN, whereas that in PDC is 2NN  1NN. A comparative analysis of the various migration pathways traced by oxygen vacancies in GDC and PDC provides a reasonable description of the conducting pathways and helps us identify the reasons for their respective behavior. The percent (%) differences in various migration pathways (Figure 1 ) traversed by vacancies during the KLMC simulations for GDC in comparison with PDC [6] at 873 K were calculated.
The total mole fraction of dopant is kept fixed at 20 % mole fraction for both GDC and PDC. The analysis is performed using data for ≈ 3,000,000 jump events to provide a valid comparison. The net magnitude of conductivity in GDC is found to be lower than PDC [6] . In GDC, there is ≈ 90 % increase in the total number of 1NN  1NN jumps, and on 11 % decrease in 1NN  2NN and 2NN  1NN jumps as compared to PDC. In GDC, the 2NN 2NN jumps decreases by ≈ 41 % as compared to PDC. Similar analysis is conducted for other pathways. In conclusion, the conductivity in PDC is 
G. KLMC-VR,E model
In the KLMC-VR model, it will be more appropriate to add the repulsion energy term explicitly. We tested this scenario using a separate model, namely the KLMC-VR,E
(for Explicit) model. In this model, when a vacancy jumps to (or from) a 1NN position ( Figure 1 ) to another vacancy, a repulsion energy term (0.30 eV) is added (or subtracted) explicitly, rather than just disallowing the jump as in the case of VR model.
For temperatures from 673 K to 1073 K, the effect is at most a 3 % increase in ionic conductivity, which is negligible. Thus, the KLMC-VR is sufficient.
H. Average activation energy
We have argued earlier [4] that the determination of the rate-limiting step for a path is complex, because it depends on the dopant concentration and their arrangement. The input rates used for the KLMC simulations were evaluated using the DFT+U calculations [4] and provide a very reasonable initial assumption, but the migration energy for a complete diffusion path cannot be associated with a single migration event. It has to be averaged using a statistical model that takes into account the distinct pathways associated with a particular configuration. The average activation energy for 5 % mole fraction of the dopant in the GDC, computed using the results from KLMC-VR model, is 0.43 eV. Using DFT+U, we found that for ≈ 6 % mole fraction of the The calculated increase in activation energy with increasing dopant concentration is also in qualitative agreement with the experimental measurements, but the effect is more pronounced for the experimental data. At higher dopant concentrations, the increase in average activation energy for migration is due to the increased likelihood of finding two next neighbors Gd -Gd pairs near an oxygen vacancy, where a higher energy is needed to overcome these barriers. Any further increase in the Gd ions can eventually trap the vacancy and form a bottleneck for diffusion.
The differences between theory and experiment may be partly due to limitations in the DFT data used as input, the assumptions involved in the KLMC model for multiple dopants, and grain boundary diffusion effects that are not included in the model.
Conclusions
KLMC simulations have been conducted to predict the optimal dopant composition for GDC that exhibits maximum ionic conductivity. As an input to the KLMC model, we have used the activation energies for vacancy migration along distinct diffusion pathways calculated using DFT+U. Applying the KLMC-VR model for the temperature ranges 673 K to 1073 K, ≈ 20 % to 25 % mole fraction of dopant content is found to be optimal for achieving maximum ionic conductivity in GDC. Considering the approximations involved, as discussed in detail in our previous paper [6] , the calculated results are in reasonable agreement with most experimental data finding a maximum at ≈ 15 % mole fraction to ≈ 20 % mole fraction of the dopant. The conductivity initially increases due to the increased number of vacancies, required for charge balance, but later decreases due to decreasing vacancy mobility (caused by vacancy-vacancy repulsion and vacancy-dopant binding). We also present an alternative KLMC-VRDP model, which assumes that all the dopants are placed in Gd -Gd pairs. The KLMC-VRDP model results in slightly lower conductivities, and shifts the peak to somewhat lower dopant concentrations. Based on the reasonable agreement with experimental measurements, the KLMC model in conjunction with first-principles calculations can be used as a design tool to predict the optimal dopant concentration in ceria related materials for electrolyte applications.
The KLMC code developed for this project will be available for download in the near future from: http://enpub.fulton.asu.edu/cms/ 
